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ABSTRACT
The present paper investigates the dynamics of a real-life
spacecraft structure possessing a strongly nonlinear com-
ponent with multiple mechanical stops. A full-scale finite
element model is built for gaining additional insight into
the nonlinear dynamics that was observed experimentally
in a companion paper [NRK14]. To this end, advanced
techniques and theoretical concepts such as numerical
continuation and nonlinear normal modes are exploited.
Key words: Spacecraft structure; piecewise-linear non-
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1. INTRODUCTION
It is widely accepted that virtually all engineering struc-
tures are nonlinear, at least in certain regimes of mo-
tion. Even if the common industrial practice is to ig-
nore nonlinearity, a recent trend is to exploit them for
engineering design, e.g., for vibration absorption and
mitigation [VGB+09, GAT+07]. The last decade wit-
nessed progresses in this direction, and, in particular, in
the analysis of nonlinear aerospace structures. More-
over, substantial efforts were made to address the nu-
merical modeling of complex, nonlinear aerospace struc-
tures (see, e.g., [PE07]). Analysis using advanced nu-
merical continuation techniques was also carried out
in [WLZ10, KKL11].
Very few studies attempted to numerically analyze and
experimentally compare the dynamics of a real-life struc-
ture in strongly nonlinear regimes of motion. This is the
main contribution of the present paper. The identification
of the SmallSat spacecraft, a satellite possessing a nonlin-
ear component with multiple axial and lateral mechanical
stops, was achieved in [NRK14] using measurements col-
lected during a typical qualification test campaign. The
present paper builds a full-scale computational model of
the satellite for gaining additional insight into the non-
linear dynamics that was observed experimentally. To
this end, advanced techniques and theoretical concepts
such as numerical continuation [MFG+03] and nonlinear
normal modes [VMM+08, KPGV09] are exploited. We
note that a formal model updating process could not be
achieved during the test campaign. Bringing the predic-
tions of the model in close quantitative agreement with
the experimental results is therefore not the objective of
this paper.
The paper is organized as follows. A detailed finite ele-
ment model of the underlying linear satellite is first built
in Section 2 and reduced using the Craig-Bampton tech-
nique. The model identified experimentally for the non-
linear vibration isolation device is presented and incorpo-
rated in the finite element model. The nonsmooth non-
linearities in the model are regularized for facilitating
the ensuing numerical simulations. Section 3 carries out
a nonlinear modal analysis of the SmallSat spacecraft.
It discusses in great detail the behavior of two normal
modes exhibiting nonlinear interactions. The conclusions
of this study are drawn in Section 4.
2. THE SMALLSAT SPACECRAFT STRUCTURE
The SmallSat structure was conceived by EADS-Astrium
as a low-cost platform for small satellites in low earth
orbits. It is a monocoque, octagon tube structure which
is 1.2 m in height and 1 m in width [NRK14], as shown
in Fig. 1 (a). The spacecraft structure supports a dummy
telescope mounted on a baseplate through a tripod. The
dummy telescope plate is connected to the SmallSat top
floor by three shock attenuators, termed shock attenuation
systems for spacecraft and adaptor (SASSAs).
Besides, as depicted in Fig. 1 (b), a support bracket con-
nects to one of the eight walls the so-called wheel elas-
tomer mounting system (WEMS) which is loaded with
an 8-kg dummy inertia wheel. The WEMS acts as a
mechanical filter which mitigates high-frequency distur-
bances coming from the inertia wheel through the pres-






















Figure 1: SmallSat spacecraft equipped with an inertia wheel supported by the WEMS and a dummy telescope connected
to the main structure by the SASSA isolators. (a) Photograph; (b) schematic of the nonlinear vibration isolation device.
part, i.e. the inertia wheel and a supporting metallic cross,
and its fixed part, i.e the bracket and by extension the
spacecraft. Moreover, the WEMS incorporates eight me-
chanical stops, covered with a thin layer of elastomer, and
designed to limit the axial and lateral motions of the in-
ertia wheel during launch, which gives rise to strongly
nonlinear dynamical phenomena (cf. Section 2.3).
2.1. Finite element modeling of the underlying linear
satellite
A finite element model (FEM) of the SmallSat satellite
created in the LMS-SAMTECH SAMCEF software is
used in the present study to conduct numerical experi-
ments. It comprises about 150,000 degrees of freedom
(DOFs). The model idealizes the composite tube struc-
ture using orthotropic shell elements. The top floor, the
bracket, and the wheel support are also modeled using
shell elements. Boundary conditions are enforced at the
base of the satellite through 4 clamped nodes. Propor-
tional damping using the parameters provided by EADS-
Astrium is also introduced in the model.
The typical frequency range of interest for spacecraft test-
ing is between 5 and 100 Hz. Within this frequency inter-
val, the model comprises 18 linear normal modes (LNMs)
that can be classified into three groups of six modes, as
listed in Table 1. The first group, between 8 Hz and 29
Hz, shows local WEMS motions. Modes 1 and 2 con-
sist in a concave trajectory of the WEMS about Y and X
axes, respectively. Modes 3 and 5 correspond to a con-
vex trajectory of the WEMS about Y and X axes, respec-
tively. The fourth mode presents an in-plane rotation and
extension of the WEMS cross. Only mode 6 combines a
significant bracket deflection with a vertical WEMS mo-
tion. The deformed shapes of modes 1 and 6 are depicted
in Fig. 2. The second group, between 32 and 58 Hz, is
composed of local SASSA modes including global de-
formation of the main structure. The last group comprises
modes with local deformation of the main structure pan-
els often combined with bracket deformation.



















Table 1: Comparison between numerical and experimen-
tal natural frequencies. A dash means that the corre-
sponding mode could not be identified during the test
campaign.
Low-level random data acquired during the test campaign
were used in the companion paper [NRK14] to extract the
(a) (b)
Figure 2: Close-up of the (a) first LNM and (b) sixth LNM (local WEMS motion).
modal parameters of the underlying linear satellite. As
stressed in the introductory section of the present paper,
a formal model updating process could not be achieved
during the test campaign. Nonetheless, the good agree-
ment in Table 1 between the natural frequencies predicted
by the FEM and those identified experimentally together
with the correct mode ordering confirm that the model
should have satisfactory predictive capabilities.
2.2. Reduced-order modeling
Because the WEMS nonlinearities are spatially local-
ized, condensation of the linear FEM can be effectively
achieved using the Craig-Bampton reduction technique
[BC68]. This leads to a substantial decrease in the com-
putational burden without degrading the accuracy of the
numerical simulations in the frequency range of inter-
est. The Craig-Bampton method expresses the complete
set of initial DOFs in terms of retained DOFs and inter-
nal vibration modes of the structure clamped on the re-
tained nodes. To introduce the WEMS nonlinearities, the
reduced-order model (ROM) is constructed by keeping
one node on both sides of the lateral and axial mechan-
ical stops. In total, eight nodes of the initial FEM pos-
sessing 3 DOFs each and 10 internal modes of vibration
are kept; this reduced model possesses 34 DOFs and is
termed ROM810.
The ROM accuracy is assessed by comparing its modal
parameters with those of the original full-scale model.
The deviation between the mode shapes is determined
using the modal assurance criterion (MAC). MAC value
ranges from 0 in the absence of correlation to 1 for a com-
plete correspondence. A very good correlation for the
first 18 modes which cover the frequency range of inter-
est is obtained as the frequency and MAC deviations are
both below 1 %.
2.3. Modeling of the WEMS nonlinearities
Fig. 3 (a) presents a simplified, yet relevant, modeling of
the WEMS where the inertia wheel, owing to its impor-
tant rigidity, is seen as a point mass. The four nonlinear
connections (NCs) between the WEMS mobile and fixed
parts are labeled NC 1 – 4, respectively.
The WEMS nonlinearities were accurately identified in
the first part [NRK14] of this two-part study using data
measured under swept-sine base excitations at different
amplitude levels. For instance, the stiffness curve char-
acterizing NC 1 is depicted in Fig. 3 (b). It turns out
from this figure that the WEMS modeling should account
for combined nonsmooth and gravity-induced asymmet-
ric effects. This leads us to select a trilinear model k−, k
and k+ with dissimilar clearances a− and a+ for the ax-
ial nonlinearities. For the lateral nonlinearities, a bilinear
model k± and k suffices, because there is only one clear-
ance a± per connection. The estimation of the stiffness
and clearance parameters is detailed in the companion pa-
per [NRK14].
Finally, for facilitating the numerical investigations in the
forthcoming sections, the continuity of the first derivative
of the different restoring forces of the WEMS is enforced
using regularization. This approach is also motivated by
the stiffness curve in Fig. 3 (b), which reveals that the
actual structural behavior is smoother than a piecewise-
linear law. A local regularization using Hermite polyno-
mials in the interval [a−∆, a+∆] is considered where
a and 2∆ are the clearance and the size of the regulariza-
tion interval, respectively. The nominal interval consid-
ered throughout the paper is equal to 5% of the clearance
size.
3. NONLINEAR MODAL ANALYSIS OF THE
SMALLSAT SPACECRAFT
The damped dynamics of a nonlinear system can be in-
terpreted based on the topological structure and the bi-


























Figure 3: WEMS device. (a) Simplified modeling of the WEMS mobile part considering the inertia wheel as a point
mass. The linear and nonlinear connections between the WEMS mobile and fixed parts are signaled by squares and
circles, respectively. (b) Experimental stiffness curve of NC 1 (in black) and fitted trilinear model (in red).
underlying conservative system [KPGV09]. A detailed
nonlinear modal analysis is thus carried out herein to in-
vestigate the nonlinear phenomena observed during the
testing campaign.
An extension of Rosenberg’s definition is considered, i.e.,
an NNM is defined as a (nonnecessarily synchronous)
periodic motion of the unforced, conservative system.
The algorithm proposed in [PVS+09], which combines
shooting and pseudo-arclength continuation, is applied to
the ROM810 model for NNM computation. Due to the
frequency-energy dependence of nonlinear oscillations,
NNMs are depicted in a frequency-energy plot (FEP). An
NNM is represented by a point in the FEP, drawn at a
frequency corresponding to the minimal period of the pe-
riodic motion, and at an energy equal to the conserved
total energy during the motion. A branch depicted by a
solid line represents the complete frequency-energy de-
pendence of the considered mode.
The first linear normal mode (LNM1) corresponds to a
local motion involving the WEMS. Its nonlinear coun-
terpart is pictured in Fig. 4. The FEP of NNM1 is
formed by one main backbone to which one “tongue” is
attached. At low energies, no mechanical stop is acti-
vated, and the NNM frequency remains identical to the
natural frequency of LNM1. The corresponding modal
shape is also identical to that of LNM1. Beyond a cer-
tain energy threshold, the relative displacements along
X of nonlinear connections NC 1 and NC 2 enter into
the regularization area of the piecewise-linear restoring
forces. The NNM frequency rapidly increases due to the
large difference between the stiffnesses of the elastomer
plots and of the mechanical stops. When progressing
along the backbone, harmonic components of the fun-
damental NNM oscillation frequency are created by the
WEMS nonlinearities. Once one of these harmonics has
a frequency close to the oscillation frequency of another
NNM, a dynamic coupling between the two modes ex-
ists, and a tongue of internal resonance is produced. This
is precisely what happens for the 5:1 internal resonance
in Fig. 4. As energy increases along this branch, the fifth
harmonic becomes more important than the fundamental
frequency. The modal shape located around the middle
of the branch is a mixing between NNM1 and NNM10;
it is a purely nonlinear mode with no linear counterpart.
At the extremity, the sole fifth harmonic remains, which
completes the transition to NNM10. Such internal res-
onances between NNMs were previously reported in the
literature, see, e.g., [KPGV09, LKV+05], and also in the
case of a full-scale aircraft [KPGS12]. They are there-
fore not further described herein. However, it is inter-
esting to note that, due to nonlinearities, the excitation
of a local mode, i.e. NNM1, can trigger the excitation
of a more global mode, i.e. NNM10, involving instru-
ment panel motion. This latter mode is characterized by
a much larger modal mass and can potentially jeopardize
the structural integrity during launch.
A second local mode of the WEMS, NNM6, is presented
in Fig. 5. A 2:1 modal interaction during which NNM6
interacts with NNM12 is found to exist. NNM12 cor-
responds to an axial motion of the instrument support-
ing panel. Numerical evidence of this interaction is pro-
vided by analyzing the response at the instrument panel to
swept-sine excitation in Fig. 6 (a). Damping is included
in the numerical simulation. For a forcing amplitude of
20 N, the satellite presents several resonance peaks at fre-
quencies equal to the linear natural frequencies (see Ta-
ble 1). For a forcing amplitude of 80 N, an additional
resonance peak corresponding to an excitation frequency
of 29 Hz can be observed. The presence of this resonance
cannot be predicted by a linear analysis, because there is
no linear mode possessing instrument panel motion be-
low 32 Hz. It is therefore a nonlinear resonance during





























Figure 5: FEP of the sixth NNM with different modal shapes inset.








































Figure 6: Numerical and experimental evidence of the 2:1 modal interaction between NNM6 and NNM12. (a) Accel-
eration at the instrument panel for a swept-sine excitation of 20 N (red) and 80 N (black) amplitude (direct numerical
simulation); (b) wavelet transform of the relative displacement at NC 4 – Z (measured during the testing campaign).
which the second harmonic of NNM6 characterized by a
frequency close to 58 Hz excites NNM12. This, in turn,
produces a large response at the instrument panel when
the excitation frequency is in the vicinity of NNM6. In-
terestingly, this nonlinear resonance has an acceleration
twice as large as the acceleration corresponding to the lin-
ear resonance of the panel at 58 Hz. Further experimental
evidence of the modal interaction is shown in the wavelet
transform measured at NC 4 in Fig. 6 (b) [NRK14]. The
excitation frequency, denoted by fund., is accompanied
with higher harmonic components of comparable ampli-
tudes. Specifically, a second harmonic ranging from 55
to 60 Hz is visible when the excitation frequency ap-
proaches 30 Hz. There is no identified linear mode just
below 30 Hz, but, due to the hardening effect of the
WEMS, the linear frequency of 22.45 Hz increases sub-
stantially during nonlinear regimes of motion. The sec-
ond harmonic then excites the experimental mode with a
linear frequency of 55.71 Hz.
4. CONCLUSION
The objective of this paper was to investigate the dy-
namics of a real-life spacecraft structure with a strongly
nonlinear component. Due to the presence of multiple
nonsmooth nonlinearities, closely-spaced modes and rel-
atively high damping, this application example poses sev-
eral challenges. One specific contribution of this work is
that one interaction between nonlinear modes with non-
commensurable linear frequencies, observed experimen-
tally, was reproduced with great fidelity using numer-
ical experiments. Note that additional nonlinear phe-
nomena the SmallSat spacecraft may exhibit, including
jumps, rich frequency content, quasiperiodic motion, in-
ternal resonance branches with nonconventional topology
and mode localization, are analyzed in [RNK14].
The present paper and its companion [NRK14] demon-
strate that there now exist in the technical literature ef-
fective and rigorous numerical and experimental methods
for the analysis of complex, nonlinear industrial struc-
tures.
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